
Forward Propagation:
In this step we calculate the output of our Neuronal Network:

𝑧(௟) = 𝑥𝑤(௟) + 𝑏(௟)

𝑎(௟) = 𝜎൫𝑧(௟)൯
Where:
𝑗: j-th layer
𝑖: i-th origin neuron in layer
𝑘: k-th neuron in layer
𝜎: Activation function
𝑥: Input data
𝑦ො: Ouput data
𝑎: Output of hidden layer
𝑤: Weights

Let's calculate 𝑎௜
(ଵ)

in the first hidden layer:
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Then let's determine the second hidden layer:

𝑧௜
(ଶ)

= 𝑎௜
(ଵ)

𝑤(ଶ)

𝑧௜
(ଶ)

= ൣ𝑎ଵ
(ଵ)

𝑎ଶ
(ଵ)

𝑎ଷ
(ଵ)൧ ⋅

⎣
⎢
⎢
⎡𝑤ଵଵ

(ଶ)
𝑤ଵଶ

(ଶ)
𝑤ଵଷ

(ଶ)

𝑤ଶଵ
(ଶ)

𝑤ଶଶ
(ଶ)

𝑤ଶଷ
(ଶ)

𝑤ଷଵ
(ଶ)

𝑤ଷଶ
(ଶ)

𝑤ଷଷ
(ଶ)

⎦
⎥
⎥
⎤

+ 𝑏(ଶ)

𝑧௜
(ଶ)

= ൣ𝑎ଵ
(ଵ)

𝑤ଵଵ
(ଵ)

+ 𝑎ଶ
(ଵ)

𝑤ଶଵ
(ଵ)

+ 𝑎ଷ
(ଵ)

𝑤ଷଵ
(ଵ)

+ 𝑏(ଶ) 𝑎ଵ
(ଵ)

𝑤ଵଶ
(ଵ)

+ 𝑎ଶ
(ଵ)

𝑤ଶଶ
(ଵ)

+ 𝑎ଷ
(ଵ)

𝑤ଷଶ
(ଵ)

+ 𝑏(ଶ) 𝑎ଵ
(ଵ)

𝑤ଵଷ
(ଵ)

+ 𝑎ଶ
(ଵ)

𝑤ଶଷ
(ଵ)

+ 𝑎ଷ
(ଵ)

𝑤ଷଷ
(ଵ) + 𝑏(ଶ)൧

𝑎௜
(ଶ)

= ቂ𝜎 ቀ𝑧ଵ
(ଶ)

ቁ 𝜎 ቀ𝑧ଶ
(ଶ)

ቁ 𝜎 ቀ𝑧ଷ
(ଶ)

ቁቃ

Finally let's calculate the output or prediction:

𝑦ො = 𝑎௜
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𝑤(ଷ) + 𝑏(ଷ)
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+ 𝑎ଶ
(ଶ)

𝑤ଷଵ
(ଷ)
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Back Propagation (MSE) :

𝐽 =
1

2𝑚
𝑦 − 𝑦 ଶ

௠
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𝐽 =
1

2𝑚
⎯⎯⎯෍(𝑦 − 𝑦ො)ଶ

௠

௡ୀଵ

Gradient Descent Algorithm:
Partial Derivates:

Partial derivate of last layer (One training example):
𝜕𝐽௞

𝜕𝑤(௟)
⎯⎯⎯⎯⎯=

𝜕𝑧(௟)

𝜕𝑤(௟)
⎯⎯⎯⎯⎯

𝜕𝑎(௟)

𝜕𝑧(௟)
⎯⎯⎯⎯

𝜕𝐽௞

𝜕𝑎(௟)
⎯⎯⎯⎯ = 𝑎(௟ିଵ)𝜎ᇱ൫𝑧(௟)൯

1

𝑚
⎯⎯෍(𝑎(௟) − 𝑦)

 

 

𝜕𝐽

𝜕𝑏(௟)
⎯⎯⎯⎯ =

𝜕𝑧(௟)

𝜕𝑏(௟)
⎯⎯⎯⎯

𝜕𝑎(௟)

𝜕𝑧(௟)
⎯⎯⎯⎯

𝜕𝐽

𝜕𝑎(௟)
⎯⎯⎯⎯ = 𝜎ᇱ൫𝑧(௟)൯

1

𝑚
⎯⎯෍(𝑎(௟) − 𝑦)

 

 

Partial derivate for multiple training examples:

𝜕𝐽

𝜕𝑤(௟)
⎯⎯⎯⎯⎯=

1

𝑚
⎯⎯෍

𝜕𝐽௞

𝜕𝑤(௟)
⎯⎯⎯⎯⎯

௠

௞ୀଵ

Partial derivate of the second last layer.
𝜕𝐽௞

𝜕𝑤(௟ିଵ)
⎯⎯⎯⎯⎯⎯⎯=

𝜕𝑧(௟ିଵ)

𝜕𝑤(௟ିଵ)
⎯⎯⎯⎯⎯⎯⎯

𝜕𝑎(௟ିଵ)

𝜕𝑧(௟ିଵ)
⎯⎯⎯⎯⎯⎯

𝜕𝑧(௟)

𝜕𝑎(௟ିଵ)
⎯⎯⎯⎯⎯⎯

𝜕𝑎(௟)

𝜕𝑧(௟)
⎯⎯⎯⎯

𝜕𝐽௞

𝜕𝑎(௟)
⎯⎯⎯⎯

𝜕𝑎(௟)

𝜕𝑧(௟)
⎯⎯⎯⎯

𝜕𝐽௞

𝜕𝑎(௟)
⎯⎯⎯⎯ = 𝜎ᇱ൫𝑧(௟)൯

1

𝑚
⎯⎯෍(𝑎(௟) − 𝑦)

 

 

𝜕𝑧(௟ିଵ)

𝜕𝑤(௟ିଵ)
⎯⎯⎯⎯⎯⎯⎯

𝜕𝑎(௟ିଵ)

𝜕𝑧(௟ିଵ)
⎯⎯⎯⎯⎯⎯

𝜕𝑧(௟)

𝜕𝑎(௟ିଵ)
⎯⎯⎯⎯⎯⎯ = 𝑎(௟ିଶ)𝜎ᇱ൫𝑧(௟ିଵ)൯𝑤(௟)

𝜕𝐽௞

𝜕𝑤(௟ିଵ)
⎯⎯⎯⎯⎯⎯⎯= 𝑎(௟ିଶ)𝜎ᇱ൫𝑧(௟ିଵ)൯𝑤(௟)𝜎ᇱ൫𝑧(௟)൯ ൭

1

𝑚
⎯⎯෍൫𝑎(௟) − 𝑦൯

 

 

൱

𝜕𝐽௞

𝜕𝑤(௟ିଵ)
⎯⎯⎯⎯⎯⎯⎯= 𝑎(௟ିଶ)𝛿௟ିଵ𝛿௟

Last third layer:
𝜕𝐽௞

𝜕𝑤(௟ିଶ)
⎯⎯⎯⎯⎯⎯⎯= 𝑎(௟ିଷ)𝛿௟ିଶ𝛿௟ିଵ𝛿௟

First layer:
𝜕𝐽௞

𝜕𝑤(ଵ)
⎯⎯⎯⎯⎯= 𝑥𝛿ଵ … 𝛿௟ିଶ𝛿௟ିଵ𝛿௟

First derivate (This case):

𝜕𝐽௞

𝜕𝑤(ଵ)
⎯⎯⎯⎯⎯=

𝜕𝑧(ଵ)

𝜕𝑤
⎯⎯⎯⎯⎯

𝜕𝑎(ଵ)

𝜕𝑧(ଵ)
⎯⎯⎯⎯⎯

𝜕𝑧(ଶ)

𝜕𝑎(ଵ)
⎯⎯⎯⎯⎯

𝜕𝑎(ଶ)

𝜕𝑧(ଶ)
⎯⎯⎯⎯⎯

𝜕𝑧(ଷ)

𝜕𝑎(ଶ)
⎯⎯⎯⎯⎯

𝜕𝑎(ଷ)

𝜕𝑧(ଷ)
⎯⎯⎯⎯⎯

𝜕𝐽௞

𝜕𝑎(ଷ)
⎯⎯⎯⎯⎯

𝜕𝐽௞

𝜕𝑤(ଵ)
⎯⎯⎯⎯⎯= 𝑥 × ቀ𝑤(ଶ) 𝜎ᇱ൫𝑧(ଵ)൯ቁ × ቀ𝑤(ଷ) 𝜎ᇱ൫𝑧(ଶ)൯ቁ × ൭𝜎ᇱ൫𝑧(ଷ)൯

1

𝑚
⎯⎯෍൫𝑎(ଷ) − 𝑦൯

 

 

൱

𝜕𝐽௞

𝜕𝑤(ଵ)
⎯⎯⎯⎯⎯= 𝑥𝛿ଵ𝛿ଶ𝛿ଷ

Iterative process (Ignore Input):
First compute error:

𝛿(௟) =
𝜕𝐽

𝜕𝑧(௟)
⎯⎯⎯⎯ = 𝜎ᇱ൫𝑧(௟)൯

1

𝑚
⎯⎯෍(𝑎(௟) − 𝑦)

 

 

Propagation of errors:

𝛿(௟ିଵ) = 𝛿(௟)𝑤(௟)
𝜕𝑎(௟ିଵ)

𝜕𝑧(௟ିଵ)
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𝛿(௟ିଵ) = 𝛿(௟)𝑤(௟)
𝜕𝑎(௟ିଵ)

𝜕𝑧(௟ିଵ)
⎯⎯⎯⎯⎯⎯

Cost gradient:

∇𝐽 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕𝐽

𝜕𝑤(ଵ)
⎯⎯⎯⎯⎯

𝜕𝐽

𝜕𝑏(ଵ)
⎯⎯⎯⎯⎯

⋮
𝜕𝐽

𝜕𝑤(௟)
⎯⎯⎯⎯⎯

𝜕𝐽

𝜕𝑏(௟)
⎯⎯⎯⎯

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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